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Abstract: This paper deals with probabilistic slope stability analyses of earth-fill dams. Hydraulic 
conductivity, unit weight, cohesion and internal friction angle of the soil are considered as random 
variables. Seepage flow through the dam body is solved by Monte Carlo simulation method (MCSM). 
Reliability analyses of both upstream and downstream slopes of the dam are performed with reference 
to variations in pore water pressure using MCSM. Five different limit equilibrium methods are utilized 
for slope stability calculations. Soil sampling frequency is shown to be an important issue in the 
analyses. Also, the effect of stochastic seepage flow model on slope stability analysis is investigated. 
Deterministic seepage flow model is proved to cause underestimated reliability indices in probabilistic 
slope stability analysis. 
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1. INTRODUCTION 
In conventional approach, seepage and slope stability analyses are conducted using constant soil 
properties in deterministic manner. However, there are uncertainties which result from both the 
material itself and the models used. Soil properties are inherently random in deposits that cause 
spatial variations in the material. Also, measurement errors, data inconsistency and handling 
procedure, inadequate geological explorations at the site, unconsidered soil properties that are hard to 
assess, and variations in pore water pressure cause uncertainties (Husein Malkawi et al, 2000). To 
handle these uncertainties, many stochastic and probabilistic studies were conducted in geotechnical 
engineering analyses. There are several studies on stochastic seepage analysis through earth-fill 
dams (Fenton & Griffiths, 1996; Ahmed, 2009; Calamak et al, 2012; Cho, 2012; Le et al, 2012; 
Calamak et al, 2013) and numerous studies on probabilistic slope stability analysis, some of which are 
briefly introduced herein. 
 
Commonly, three approaches are used in probabilistic slope stability analysis: first order second 
moment method (FOSM), point estimate method, and Monte Carlo simulation method (MCSM). In 
preliminary probabilistic slope stability studies, researchers applied FOSM for their probabilistic 
framework (Wu & Kraft, 1970; Cornel, 1971; Alonso, 1976; Tang et al, 1976; Vanmarcke, 1977; Li & 
Lumb, 1987; Barbosa et al, 1989). Then, a simplified form of the FOSM, mean value first order second 
moment method was applied for probabilistic computations (Christian et al, 1994; Hassan & Wolff, 
1999). Increasing computer facilities led researchers to adopt Monte Carlo simulations in slope 
stability analysis. Tobutt (1982) used and discussed MCSM for calculating probability of failure of earth 
slopes and sensitivity testing. Simplified Bishop’s method was utilized for stability calculations. Husein 
Malkawi et al, (2000) made a comparison between reliability indices computed by FOSM and MCSM 
using Ordinary, simplified Bishop, simplified Janbu, and Spencer methods. In the study, stability 
methods showing both similar and different reliability indices for two probabilistic approaches were 
presented. Griffiths & Fenton (2004) developed a random finite element method for generation of the 
random field of slopes by considering a spatial correlation length. Strength reduction technique, 
allowing the slope failure to develop naturally by seeking out the most critical mechanism, was 
coupled with MCSM. It was found that ignoring the correlation may lead to have relatively low factors 
of safety. Cho (2007) highlighted the effect of correlation structure of soil properties on stability of 
slopes. Spencer’s method with MCSM was adopted. Correlation characteristics of the random field 
were demonstrated to have strong effect on failure probabilities. Hammah & Yacoub (2009) applied 
both Point Estimate Method and MCSM for calculation of failure probability for two slope examples 
 and presented the advantages and drawbacks of these methods. MCSM was found to be more 
applicable and feasible for many kinds of geotechnical engineering problems including rock 
engineering. Srivastava et al (2010) studied the effect of spatial variability of permeability on seepage 
flow and slope stability. Adopting MCSM, for different coefficient of variation (COV) values of 
permeability, stability of a given slope was assessed by calculating factor of safety. It was resulted that 
lower COV values of permeability provides higher factor of safety values. 
 
This paper focuses on probabilistic analysis of slope stability under the effect of stochastic steady 
state seepage flow by considering spatial variation of hydraulic conductivity and soil strength 
parameters. To quantify uncertainty, Monte Carlo simulations are performed in both stochastic 
seepage and probabilistic slope stability analyses. Stochastic seepage analysis considers the 
hydraulic conductivity as a random variable which results in variations in pore water pressure. Then, 
resulting pore water pressures are used as input for probabilistic stability analysis. In the probabilistic 
analysis, the distribution of the factor of safety is determined. Probability of failure and reliability index 
are calculated using the probability distribution of factor of safety. Slope stability analyses are 
conducted using five limit equilibrium methods i.e. Ordinary (Fellenius, 1936), Bishop (Bishop, 1955), 
Janbu (Janbu, 1954; 1973), Morgenstren-Price (Morgenstern & Price, 1965) and Spencer (Spencer 
1967). The importance of stochastic seepage analysis on slope stability analysis is highlighted by 
comparisons made with deterministic results. Also, the effect of sampling type of soil parameters in 
probabilistic stability analysis is presented. 
2. STOCHASTIC SEEPAGE FLOW MODEL 
In this study, the random field model of hydraulic conductivity which was set up in Calamak et al 
(2013) is utilized for saturated and unsaturated stochastic seepage flow analysis. Two-dimensional 
steady state seepage flow through porous media is governed by the following equation. 
 
div[-K grad Φ]=0 (1) 
 
in which Φ is the total head being summation of pressure head, h, and elevation head, z, and K is the 
hydraulic conductivity tensor. Hydraulic conductivity of saturated and unsaturated zones greatly differs 
from each other and flow through unsaturated zone may be considerably high in some cases. 
Determination of the unsaturated hydraulic conductivity is complex due to its variation with volumetric 
water content and pore pressure. There are a number of physically-based models used for estimating 
hydraulic conductivity of unsaturated soils (Mualem, 1976; van Genuchten, 1980; Fredlund & Xing, 
1994). The most commonly used one is van Genuchten method that defines a relative hydraulic 
conductivity, Kr, for calculation of unsaturated hydraulic conductivity. Kr is function of h, and shape 
parameters α, n and m, which define the shape of the soil water characteristics curve (van Genuchten, 
1980). The hydraulic conductivity function is given below. 
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where, Ks is the saturated hydraulic conductivity. Kr is defined by the following expression. 
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Box-Muller transformation (Box & Muller, 1958) is adopted for the generation of random hydraulic 
conductivity field. To this end, an algorithm is developed in C# language which generates uncorrelated 
random hydraulic conductivity values from known probability density functions (PDFs) defined with a 
mean and a coefficient of variation (COV). MCSM is implemented with finite element method for 
stochastic seepage flow solution. For this purpose, SEEP/W software is used with the developed 
random number generator add-in. A large number of simulations are held with a code written in 
Windows command prompt line. Several macro codes written in Visual Basic language are used to 
obtain and interpret the results. Detailed information about the iterative finite element solution can be 
found in Geo-Slope Intl. Ltd. (2013a). 
 3. SLOPE STABILITY CALCULATIONS 
Limit equilibrium analyses are commonly used in slope stability calculations and held with discretizing 
the probable sliding mass into vertical slices. There are a number of methods having various 
assumptions for analyses. These assumptions are about the satisfaction of force and moment 
equilibrium, and consideration of interslice forces. Table 1 provides the limit equilibrium methods and 
their assumptions used in this study. 
 
Table 1 - Limit equilibrium methods and their assumptions. 
 
Method Required equilibrium Interslice force considered 
Ordinary Moment equilibrium - 
Bishop Moment equilibrium Normal interslice force 
Janbu Force equilibrium Normal interslice force 
Morgenstren-Price Moment and force equilibrium Normal and shear interslice force 
Spencer Moment and force equilibrium Normal and shear interslice force 
 
Both Spencer and Morgensren-Price methods satisfy all static equilibriums and interslice forces and 
need iterative computational schemes. They are considered as rigorous and accurate techniques in 
slope stability computations (Husein Malkawi et al, 2000; Geo-Slope Intl. Ltd., 2013b). 
 
Critical failure surface of the slope can be determined from various techniques, such as optimization 
method (Bolton et al, 2003; Zolfaghari et al, 2005; Cho, 2007), random finite element method (Griffiths 
& Fenton, 2004) and trial method. In this study, the latter method is applied. There are a number of 
techniques in trial method. In the techniques, critical slip surface is systematically located at different 
trial surfaces having various centers. The surface giving the minimum FS is then determined. In this 
study, deterministic and probabilistic slope stability analyses are conducted using SLOPE/W software. 
4. METHOD FOR PROBABLISTIC SLOPE STABILITY ANALYSIS 
The effect of spatial variability of soil parameters on slope stability can be revealed with random field 
modeling and MCSM. Monte Carlo simulation is a technique used to quantify the effect of uncertainty 
of input parameters on output parameters of a system. In this approach, the input parameters of the 
random field are produced from a known PDF and then the system is solved repeatedly. Generally, a 
large number of simulations are needed for statistical convergence. Then, resulting output is analyzed 
statistically to obtain its PDF.  
 
In this study, random field is composed of random values of unit weight, γ, cohesion, c, and angle of 
internal friction, ϕ. They are sampled from their specified PDFs. The distributions are defined with a 
type, a mean, and a COV. Then, using search algorithm for the critical slip surface and limit 
equilibrium methods, factor of safety of each Monte Carlo simulation is calculated and corresponding 
probability distribution is obtained. After obtaining PDF of the factor of safety, probability of the failure 
of the slope and reliability index is determined. Factor of safety, ratio of resisting to driving forces, 
gives an idea about the relative stability of the system. However, risk of failure of the stability of a 
slope is assessed by calculation of its probability of failure (Pf). Failure probability is assessed by 
determining the mean, the standard deviation and related probability density function of factor of 
safety obtained from MCSM. It is the probability of the factor of safety getting a value less than unity. 
Another way of quantifying the risk is calculating a reliability index (β). There are a number of methods 
for calculating β. The simpler Mean Value First Order Second Moment method (MFOSM) is used in 
this study. The reliability index based on MFOSM is given by (Hassan & Wolff, 1999) 
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in which, E[FS] is expected value of FS, and σ[FS] is standard deviation of FS. β defines the stability 
with the ratio of mean FS separated from the failure value 1.0 over its standard deviation.  
 5. APPLICATION PROBLEM 
In the study, stochastic and probabilistic analyses are performed on a typical simple homogeneous 
earth-fill dam (Figure 1) made of clayey sand (SC). The crest dimension and side slopes of the dam 
are determined using the related design specifications given in USBR (1987). The upstream boundary 
condition is a constant 20 m of head, whereas the downstream boundary condition is zero head (no-
tailwater) case. Clayey sand’s hydraulic and strength parameters, and their statistics are obtained from 
related studies in literature. The shape parameters (α, n and m) of van Genuchten method are 
deterministically selected. Hydraulic conductivity is assumed to have a lognormal distribution (Law, 
1944; Bulnes, 1946; Warren & Price 1961; Willardson & Hurst, 1965), whereas soil strength 
parameters are assumed to have normal distribution (Matsuo & Kuroda, 1974; Tobutt, 1982). A 
summary for the material properties is shown in Table 2. 
 
 
 
Figure 1 - The geometry and boundary conditions of the application problem. 
 
Table 2 - Input soil parameters of the application problem. 
 
Parameter Mean Coefficient of variation 
Distribution  
type Reference 
Hydraulic conductivity, K 3.33×10-7 m/s 2.33 Lognormal 
α 0.027 cm-1 - - 
n 1.23 - - 
m 0.19 - - 
Carsel & 
Parrish 
(1988) 
Unit weight, γ 18.2 kN/m3 0.12 Normal 
Cohesion, c 34.48 kN/m2 0.50 Normal 
Angle of internal friction, Φ 33.9º 0.09 Normal 
USBR (1987) 
 
For the stochastic seepage analysis and each limit equilibrium analysis, 1000 Monte Carlo simulations 
are conducted. In each simulation, hydraulic conductivity is randomly mapped to the problem region 
using its probability distribution. Simulations yield the variations in phreatic surface, total seepage flux 
through the body, pore water pressure, etc. The pore water pressure obtained from stochastic analysis 
is thought to be one of the uncertain parameters of the probabilistic slope stability analysis together 
with the soil strength parameters. Similarly, in every simulation of slope stability analysis γ, c and ϕ are 
randomly generated from their probability distributions. Solution of simulations with limit equilibrium 
methods yields the probability distribution of factor of safety. The adequacy of the number of 
simulations is checked since it may affect the accuracy of the results. Variations of reliability indices of 
upstream and downstream slopes with respect to number of simulations are given in Figure 2. As 
seen from the figure, a further increase of simulation numbers beyond 1000 does not significantly 
change the reliability index. 
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Figure 2 - Change of reliability index with respect to number of Monte Carlo simulations. 
 
The problem is solved with the limit equilibrium methods given in Table 1 and input parameters 
presented in Table 2. For the determination of the critical failure surface, an entry and an exit surface 
area are determined in the ground and numerous possible circular and noncircular slip surfaces 
having various radii are defined. Each sliding earth mass is divided into 30 vertical slices. Results of 
the probabilistic slope stability analysis are shown in Table 3. Accordingly, the Janbu and Ordinary 
methods are generally conservative; they give relatively smaller factor of safety values in both 
probabilistic and deterministic solutions, with the Janbu method being the most conservative. On the 
other hand, the Morgenstren-Price and Spencer methods give the highest reliability indices. They give 
very closer results since their assumptions are similar. These remarks for methods are applicable for 
both upstream (U/S) and downstream (D/S) slopes. The coefficient of variation of FS varies between  
0.19-0.25. This variation proves the importance of probabilistic slope stability analysis. Besides, mean 
of the FS values are greater than those of the deterministic calculations. However, this does not mean 
that deterministic analysis is more conservative. 
 
Table 3 - β, Pf and FS statistics of U/S and D/S slope stability. 
 
 Method β Pf Mean FS 
COV of 
FS 
Max. 
FS 
Min. 
FS 
Determ. 
critical FS 
Ordinary 2.92 0.000 3.66 0.25 10.24 1.27 3.57 
Bishop 3.20 0.000 3.98 0.23 10.79 1.46 3.89 
Janbu 3.10 0.000 3.60 0.23 9.48 1.31 3.52 
Morgenstren-Price 3.20 0.000 3.96 0.23 10.68 1.45 3.86 U
ps
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Spencer 3.19 0.000 3.95 0.23 10.66 1.45 3.85 
Ordinary 2.25 0.003 1.84 0.20 3.34 0.66 1.80 
Bishop 2.41 0.002 1.90 0.20 3.35 0.69 1.85 
Janbu 2.18 0.006 1.78 0.20 3.20 0.64 1.74 
Morgenstren-Price 2.46 0.002 1.92 0.19 3.37 0.71 1.87 
D
ow
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Spencer 2.43 0.002 1.90 0.19 3.35 0.70 1.86 
 
There is no probability of failure for the upstream slope for the given conditions. However, downstream 
side has probability of failures varying between 2.0×10-3 and 6.0×10-3. If a design discharge with 
10,000 year return period is considered for the spillway of the dam, these failure probabilities can be 
said to be relatively high. To decrease the Pf of the downstream side and illustrate the effect of side 
slope on reliability index, probabilistic computations are held using Spencer method by keeping all 
input parameters and dimensions constant except the downstream side slope. Results are given in 
Table 4. As expected, flattening the slope increases the reliability of the dam. Results showed that the 
 proposed slopes in engineering design handbooks based on deterministic approach might not provide 
stability during the lifetime of the structure. 
 
Table 4 - Effect of D/S slope on reliability index and probability of failure. 
 
D/S slope β Pf Minimum FS
1V:2.0H 2.43 0.002 0.71 
1V:2.5H 2.75 0.001 0.81 
1V:3.0H 3.44 0.000 1.00 
 
In the analyses held above, input parameters were sampled only once through the slip surface 
ignoring any stratification or variation in the soil. The effect of spatial variation of material itself is also 
investigated in this study. The variation is demonstrated in analyses by changing the sampling 
frequency of material properties from their PDFs. In other words, sampling is performed through 
different distances of slip surface in a Monte Carlo trial. Sampling types and their resulting reliability 
indices computed by the Spencer method are given in Table 5. As an exaggerated and unrealistic 
type, sampling for each slice gives the highest β values because of rapidly changing material strength 
parameters from one point to another through the failure surface. In this sampling type, parameters 
tend to get their mean values. For the same reason, β increases when the sampling distance 
decreases. It is clear that Pf and β are directly related to the sampling frequency. Therefore, it is 
crucial to determine the spatial variability and stratification type of the material along with its statistical 
characteristics and this can be assessed by comprehensive field tests.  
 
Table 5 - Effect of parameter sampling on reliability index. 
 
Sampling type β for U/S slope  β for D/S slope  
Sample only once through the slip surface 3.19 2.43 
Sample for each slice  11.94 2.53 
Sample in every 10 m 6.83 6.16 
Sample in every 20 m 4.87 4.20 
Sample in every 30 m 4.77 3.52 
 
As indicated before, probabilistic slope stability calculations in the study are held by considering the 
random field of hydraulic conductivity, which cause uncertainty in pore water pressures throughout the 
dam body. The requirement of stochastic seepage analysis in stability calculations is also investigated. 
This is achieved by treating the piezometric line as deterministic and keeping soil strength parameters 
stochastic. Stochastic seepage modeling effect on reliability indices of downstream and upstream 
slopes are shown in Figure 3. For all methods of limit equilibrium, computed β values with stochastic 
seepage analysis are greater than those of analyses with deterministic seepage. The difference in β 
varies between 0.7%-1.8% according to equilibrium method. This variation is considered to be 
negligible for the upstream slope, which has no probability of failure. However, for the downstream 
side, which has a certain failure probability, it might be considerable; because deterministically 
assumed piezometric line results in overestimated Pf values. 
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Figure 3 - Effect of stochastic seepage analysis on reliability indices of the; (a) U/S slope, (b) D/S 
slope. 
(a) (b) 
 All the aforementioned analyses were conducted for only one case which can be considered as a 
normal operating case. Additional cases are also taken into account to evaluate the effects of some 
other cases. To this end, the effects of higher reservoir level (Case 2) and existence of tailwater (Case 
3) are considered. In Operating Case 2, the freeboard is decreased to 2.0 m which is defined as the 
minimum permissible freeboard for embankment dams according to Thomas (1976). In operating 
Case 3, the same freeboard and a 3.0 m height of tailwater are considered. The operating case shown 
in Figure 1 is named as Operating Case 1. Probabilistic slope stability calculations are held using 
Spencer method for the three cases. The results for the reliability index and probability of failure are 
presented in Table 6. The increase in water level in U/S results in increase in pore water pressures 
throughout the dam body. The reliability indices of both U/S and D/S slopes decrease in Operating 
Cases 2 and 3. However, the tailwater depth causes the development of a resisting force for D/S 
slope. This results in a decrease in probability of failure and increase in reliability index for D/S slope. 
 
Table 6 - Effect of a critical operation condition and tailwater on β and Pf. 
 
U/S slope D/S slope 
Operating cases 
U/S water 
depth 
 (m) 
Tailwater 
depth 
 (m) 
β Pf β Pf 
Operating Case 1 20 - 3.19 0.000 2.43 0.002 
Operating Case 2 23 - 2.96 0.000 1.83 0.035 
Operating Case 3 23 3 2.96 0.000 1.95 0.018 
6. SUMMARY AND CONCLUSION 
In the present study, probabilistic slope stability analyses are conducted considering the spatial 
variability of hydraulic conductivity and soil strength parameters. Monte Carlo simulations are held for 
both stochastic seepage and slope stability calculations. Two softwares using finite element method 
and limit equilibrium methods are adopted for seepage and stability calculations, respectively. 
Proposed methods are applied on a parametric earth-fill dam problem. From the application problem, 
it is shown that Janbu method is the most conservative one giving the lowest reliability indices, 
whereas Morgenstren-Price method is the least conservative yielding highest reliability indices. Also, 
the importance of the probabilistic analysis is highlighted presenting the coefficient of variation of 
factor of safety which is shown to vary between 19%-25%. This variation is not inconsiderable and 
might lead to lower factor of safety values and higher failure probabilities. The effect of material 
variability through the slip surface is also investigated and it is found that material sampling distance 
directly affects the failure probability and reliability index. It should be noted that data about the 
distance which the strength parameters are correlated is crucial for realistic results. It is also resulted 
that the conventional side slope values proposed by engineering design handbooks should be 
checked using probabilistic calculations. These slopes may lead to a certain probability of failure. The 
comparison made between probabilistic analyses with stochastic seepage flow and deterministic 
seepage flow showed that ignoring the random field of hydraulic conductivity may result in 
underestimation of reliability indices. Therefore, it can be said that spatial variation of hydraulic 
conductivity should also be considered in probabilistic stability analyses. Moreover, all possible 
operating and loading conditions should be considered to determine the most critical factor of safety 
value for slope stability of an earth-fill dam. 
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